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DEGENERATIONS AND MIRROR CONTRACTIONS
OF CALABI-YAU COMPLETE INTERSECTIONS
VIA BATYREV-BORISOV MIRROR SYMMETRY
ANVAR R. MAVLYUTOV
Abstract. We show that the dual of the Cayley cone, associated to a Minkowski
sum decomposition of a reflexive polytope, contains a reflexive polytope ad-
mitting a nef-partition. This nef-partition corresponds to a Calabi-Yau com-
plete intersection in a Gorenstein Fano toric variety degenerating to an ample
Calabi-Yau hypersurface in another Fano toric variety. Using the Batyrev-
Borisov mirror symmetry construction, we found the mirror contraction of a
Calabi-Yau complete intersection to the mirror of the ample Calabi-Yau hy-
persurface.
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0. Introduction.
Refexive polytopes were introduced by V. Batyrev in [B2]. These are lattice
polytopes ∆ in a real vector space Rd with lattice points in Zd corresponding to
monomials of the anticanonical degree on a Gorenstein Fano toric variety. Such
polytopes are determined by the property that they have vertices at lattice points
and have the origin in their interior with the dual polytope ∆∗ = {y ∈ Rd |
〈∆, y〉 ≥ −1} satisfying the same property. This was the starting point for the
Batyrev construction of a large class of mirror pairs of Calabi-Yau hypersurfaces in
toric varieties in [B2].
A Gorenstein Fano toric variety associated to a reflexive polytope ∆ can be
defined as X∆ = Proj(C[σ ∩ Zd+1]), where σ = R≥0 · (∆, 1) ⊂ Rd+1. It contains
an affine torus T = (C∗)d as a dense open subset which acts naturally on the toric
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variety. A Calabi-Yau hypersurface Y∆ in a Gorenstein Fano toric variety X∆ can
be viewed as the Zariski closure of a hypersurface∑
m∈∆∩Zd
amt
m = 0
in the affine torus (C∗)d ⊂ X∆, where m = (m1, . . . ,md) ∈ Zd, am ∈ C and
tm = tm11 · · · tmdd for the coordinates t1, . . . , td on the torus.
More generally, a nef Calabi-Yau complete intersection in a Gorenstein Fano
toric variety X∆ corresponds to a Minkowski sum decomposition of the reflexive
polytope ∆ = ∆0 +∆1 + · · ·+∆k by lattice polytopes. The Calabi-Yau complete
intersection Y∆0,...,∆k is the closure of the affine complete intersection∑
m∈∆i∩Zd
ai,mt
m = 0, i = 0, . . . , k
in (C∗)d ⊂ X∆ with generic coefficients ai,m ∈ C. A complete intersection in a toric
variety is called nondegenerate if every intersection with a T-orbit is either transver-
sal or empty. A generic nef Calabi-Yau complete intersection is nondegenerate by
Lemma 4.3 in [M1] and Proposition 6.8 in [D].
The mirror construction of Batyrev is a pair of families of nondegenerate Calabi-
Yau hypersurfaces obtained as maximal projective crepant partial resolutions of Y∆
and Y∆∗ . Generalizing the polar duality of reflexive polytopes, L. Borisov in [Bo]
introduced the notion of nef-partition, which is a Minkowski sum decomposition
of the reflexive polytope ∆ = ∆0 + ∆1 + · · · + ∆k by lattice polytopes such that
the origin 0 ∈ ∆i for all i. A nef-partition has a dual nef-partition defined as the
Minkowski sum decomposition of the reflexive polytope ∇ = ∇0 + · · ·+∇k in the
dual vector space with ∇j determined by 〈∆i,∇j〉 ≥ −δij for all 0 ≤ i, j ≤ k,
where δij is the Kronecker symbol. One of the basic properties of the nef-partitions
is that ∆∗ = Conv(∇0, . . . ,∇k) and ∇∗ = Conv(∆0, . . . ,∆k). The Batyrev-Borisov
mirror symmetry construction is a pair of families of nondegenerate nef Calabi-Yau
complete intersections obtained as maximal projective crepant partial resolutions
of Y∆0,...,∆k and Y∇0,...,∇k .
A topological mirror symmetry test for compact n-dimensional Calabi-Yau man-
ifolds V and V ∗ is a symmetry of their Hodge numbers: hp,q(V ) = hn−p,q(V ∗), 0 ≤
p, q ≤ n. For singular varieties Hodge numbers must be replaced by the stringy
Hodge numbers hp,qst introduced by V. Batyrev in [B3]. The usual Hodge num-
bers coincide with the stringy Hodge numbers for nonsingular Calabi-Yau varieties.
Moreover, all crepant partial resolutions V̂ of singular Calabi-Yau varieties V have
the same stringy Hodge numbers: hp,qst (V̂ ) = h
p,q
st (V ). In [BBo3], Batyrev and
Borisov show that the pair of Calabi-Yau complete intersections V = Y∆0,...,∆k and
V ∗ = Y∇0,...,∇k pass the mirror symmetry test. One of the main ingredients of their
proof was the use of the Cayley trick which associates to a Calabi-Yau complete in-
tersection Y∆0,...,∆k a generalized Calabi-Yau hypersurface in a higher dimensional
Fano toric variety Proj(C[σ¯ ∩ Zd+k+1]), where σ¯ = {(∑ki=0 ti∆i, t0, . . . , tk) | ti ∈
R≥0} ⊂ Rd+k+1, called the Cayley cone associated to the polytopes ∆0, . . . ,∆k.
There are six different reflexive polytopes of dimension d + k associated to a
Minkowski sum decomposition of a d-dimensional reflexive polytope ∆ = ∆0 +
∆1 + · · ·+∆k into k + 1 lattice polytopes. One of them, contained in the Cayley
DEGENERATIONS AND MIRROR CONTRACTIONS 3
cone σ¯ at an integral distance k + 1 from the origin, is isomorphic to
(k + 1)Conv(∆0,∆1 + e1, . . . ,∆k + ek)−
k∑
i=1
ei (1)
in Rd+k ≃ Rd ⊕ Rk where {e1, . . . , ek} is the standard basis of Rk. The dual σ¯∨ of
the Cayley cone also contains a reflexive polytope isomorphic to
(k + 1)Conv
({
u−
k∑
i=1
min〈∆i, u〉e∗i | u ∈ ∆∗
}
∪ {e∗1, . . . , e∗k}
)
−
k∑
i=1
e∗i
(2)
inRd+k ≃ Rd⊕Rk, where {e∗1, . . . , e∗k} is the standard basis ofRk dual to {e1, . . . , ek}.
The reflexive polytopes (1) and (2) are not dual to each other, and their dual
polytopes give another two reflexive polytopes. It turns out that while the poly-
tope (1) may not admit a nef-partition (if ∆ = ∆0 + ∆1 + · · · + ∆k is not a
nef-partition), the reflexive polytope (2) always admits one: ∇ˆ0 + · · ·+ ∇ˆk, where
∇ˆ0 = Conv({u−
∑k
i=1min〈∆i, u〉e∗i | u ∈ ∆∗}∪{e∗1, . . . , e∗k}), ∇ˆi = ∇ˆ0−e∗i , for i =
1, . . . , k. The dual of this nef-partition is ∆˜0+· · ·+∆˜k, where ∆˜i = Conv(∆i+ei, 0),
for i = 0 . . . , k, and e0 := −
∑k
i=1 ei. This reflexive polytope together with its dual
Conv(∇ˆ0, . . . , ∇ˆk) are the other two reflexive polytopes associated to a Minkowski
sum decomposition of the reflexive polytope ∆.
The dual of ∇ˆ0 + · · · + ∇ˆk is the reflexive polytope Conv(∆˜0, . . . , ∆˜k). The
Gorenstein Fano toric variety X∇ˆ0+···+∇ˆk , whose fan consists of the cones over
the proper faces of Conv(∆˜0, . . . , ∆˜k), is the ambient space of deformations of the
Gorenstein Fano toric variety X∆∗ in [M5]. In this paper, we show that the em-
bedding X∆∗ →֒ X∇ˆ0+···+∇ˆk realizes the ample Calabi-Yau hypersurface Y∆∗ as a
complete intersection in X∇ˆ0+···+∇ˆk , which deforms to a nondegenerate Calabi-Yau
complete intersection Y∇ˆ0,...,∇ˆk corresponding to the nef-partition ∇ˆ0 + · · · + ∇ˆk.
The degeneration Y∇ˆ0,...,∇ˆk  Y∆∗ can be lifted to the degeneration of a maximal
projective crepant partial resolution Y ′
∇ˆ0,...,∇ˆk
of Y∇ˆ0,...,∇ˆk to a partial resolution
Y ′∆∗ of Y∆∗ . Taking maximal projective crepant partial resolution Y
′′
∆∗ of Y
′
∆∗
we obtain a geometric transition (a contraction followed by smoothing) from a
minimal Calabi-Yau hypersurface to a minimal Calabi-Yau complete intersection:
Y ′
∇ˆ0,...,∇ˆk
 Y ′∆∗ ← Y ′′∆∗ . According to a conjecture of D. Morrison in [Mo], every
geometric transition between Calabi-Yau manifolds should correspond to a mir-
ror geometric transition between the mirror partners of the original Calabi-Yau
manifolds with the roles of degeneration and contraction reversed. In Section 5,
we explicitly construct a natural contraction of a minimal Calabi-Yau complete
intersection Y ′
∆˜0,...,∆˜k
to a degenerate Calabi-Yau hypersurface Y ′∆ in a maximal
projective crepant partial resolution of X∆. The smoothing of Y
′
∆ to a nondegener-
ate Calabi-Yau hypersurface Y ′′∆ gives a geometric transition Y
′′
∆  Y
′
∆ ← Y ′∆˜0,...,∆˜k ,
which should be the mirror of the above one. We use the method of Batyrev in
[B1], [BvS] to support the mirror correspondence of geometric transitions by show-
ing that the degeneration of the hypergeometric series arising from the main period
of Calabi-Yau varieties coincides with the hypergeometric series of the maximal
projective partial crepant resolution of the degenerate Calabi-Yau. These hyperge-
ometric series determine the mirror map between the Ka¨hler and complex moduli
spaces (see [CK, Sec. 6.3.4]).
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The construction of deformations of ample Calabi-Yau hypersurfaces and their
partial resolutions are consistent with our conjecture in [M4] that all deformations of
Calabi-Yau complete intersections (of dimension ≥ 3) in toric varieties are Calabi-
Yau complete intersections in higher dimensional toric varieties. An application of
deformations of Gorenstein Fano toric varieties to deformations of nef Calabi-Yau
complete intersections and a generalization of the above geometric transitions will
appear in [M6]. These constructions together with the previously known geometric
transitions between Calabi-Yau hypersurfaces in [BeKKl, Mo] give a strong evidence
that the web of Calabi-Yau complete intersections in toric varieties can be connected
by explicit geometric transitions.
Here is an organization of our paper. In Section 1, we study properties of reflex-
ive Gorenstein cones and explicitly describe the Cayley cone and its dual together
with the reflexive polytopes contained in theses cones. Then we briefly overview
some basic notation and facts of toric geometry. Section 3 explains the relation
of the Cayley trick and deformations of Fano toric varieties constructed in [M5],
and Section 4 constructs deformations of Calabi-Yau hypersurfaces. Finally, in Sec-
tion 5, we construct two geometric transitions described above, and then Section 6
discusses degenerations of the main periods of Calabi-Yau complete intersections
and Mirror Symmetry.
Acknowledgment. We would like to thank Victor Batyrev for pointing out the
reference [BN].
1. Combinatorics of reflexive polytopes and Gorenstein cones.
In this section, we explicitly describe the reflexive polytopes arising from the
construction of the Cayley cone associated to a Minkowski sum decomposition of a
reflexive polytope in [BBo1]. We show that the dual of the Cayley cone contains a
reflexive polytope which admits a nef-partition introduced in [Bo].
Let N be a lattice and M be its dual lattice with a paring 〈∗, ∗〉 :M ×N → Z.
Definition 1.1. [B2] A lattice polytope ∆ in MR = M ⊗ R (i.e., its vertices are
at the lattice points) is called a reflexive polytope if it contains 0 in its interior and
the dual polytope
∆∗ = {n ∈ NR | 〈m,n〉 ≥ −1 ∀m ∈ ∆}
in the dual vector space NR = N ⊗R is also a lattice polytope. The pair ∆ and ∆∗
is called a pair of dual reflexive polytopes and it satisfies ∆ = (∆∗)∗.
Reflexive polytopes are related to the notion of reflexive Gorenstein cones from
[BBo1]. Let M¯ and N¯ be lattices which are dual to each other. Let σ ⊂ M¯R be a
polyhedral cone with a vertex at 0. The dual cone of σ is defined as
σ∨ = {n ∈ N¯R | 〈m,n〉 ≥ 0 ∀m ∈ σ}.
Definition 1.2. [BBo1] A maximal dimensional polyhedral cone σ is called Goren-
stein, if it is generated by finitely many lattice points contained in the affine hy-
perplane {x ∈ M¯ | 〈x, nσ〉 = 1} for a unique nσ ∈ N¯ . A Gorenstein cone σ is
called reflexive if both σ and σ∨ are Gorenstein cones, in which case they both have
maximal dimension and uniquely determined nσ ∈ N¯ and mσ∨ ∈ M¯ , which take
value 1 at the primitive lattice generators of the respective cones. The positive
integer r = 〈mσ∨ , nσ〉 is called the index of the reflexive Gorenstein cones σ and
σ∨.
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Denote σ(i) := {x ∈ σ | 〈x, nσ〉 = i}, the slice of the cone at an integral distance
i from the origin. Since r = 〈mσ∨ , nσ〉, the lattice points mσ∨ and nσ lie in the
interiors of σ(r) = r · σ(1) and σ∨(r) = r · σ∨(1), respectively.
Proposition 1.3. [BBo1, Pr. 2.11] Let σ be a Gorenstein cone. Then σ is a
reflexive Gorenstein cone of index r if and only if the polytope σ(r) − mσ∨ is a
reflexive polytope with respect to the lattice M¯ ∩ n⊥σ = {x ∈ M¯ | 〈x, nσ〉 = 0}.
As noted in Remark 1.13 in [BN], the reflexive polytopes σ(r)−mσ∨ and σ∨(r)−nσ
are combinatorially dual to each other, but not dual as lattice polytopes. In [BN,
Proposition 1.15], the dual reflexive polytope (σ(r) − mσ∨)∗ was obtained as σ∨(1)
with respect to the refined affine lattice (N¯ + 1
r
Znσ) ∩ {y ∈ N¯R | 〈mσ∨ , y〉 = 1}.
We will give an alternative description for the dual reflexive polytope.
Proposition 1.4. Let σ be a reflexive Gorenstein cone of index r. Then the dual
polytope (σ(r) −mσ∨)∗ = π
(
σ∨(1)
)
with respect to the lattice N¯/Znσ ≃ Hom(M¯ ∩
n⊥σ ,Z), where π : N¯R → N¯R/Rnσ is the quotient homomorphism.
Proof. Note that the vertices v of σ∨(1) are in one-to-one correspondence with the
facets Fv := σ(r) ∩ v⊥ of the polytope σ(r) by the duality of the cones σ and σ∨.
Then
〈
Fv −mσ∨ , v
〉
= −1 with respect to the pairing of M¯ and N¯ . Consequently,〈
Fv −mσ∨ , π(v)
〉
= −1 with respect to the pairing of M¯ ∩ n⊥σ and N¯/Znσ Hence,
all vertices of the dual polytope (σ(r) −mσ∨)∗ in N¯R/Rnσ are of the form π(v) for
a vertex v of σ∨(1). 
A special class of reflexive Gorenstein cones arises from a Calabi-Yau complete
intersection in a Gorenstein Fano toric variety by a Cayley trick (see [BBo1]). Let
∆ be a reflexive polytope in MR and ∆ = ∆0+∆1+ · · ·+∆k be a Minkowski sum
decomposition by lattice polytopes. By [BBo1, Proposition 3.6], the cone
σ¯ =
{( k∑
i=0
ti∆i, t0, . . . , tk
)
| ti ∈ R≥0
}
⊂MR ⊕ Rk+1
is reflexive Gorenstein of index k+1. This cone is called the Cayley cone associated
to the polytopes ∆0, . . . ,∆k. It can also be written as
σ¯ = R≥0 · Conv(∆0 + r0,∆1 + r1, . . . ,∆k + rk),
where {r0, . . . , rk} ⊂ Zk+1 ⊂ M ⊕ Zk+1 is the standard basis of the second sum-
mand. A third way to write the Cayley cone is given in the following lemma.
Lemma 1.5. There is equality of cones
σ¯ =
{(
t · Conv(∆0,∆1 + e1, . . . ,∆k + ek), t
) | t ∈ R≥0},
induced by the isomorphism
M ⊕ Zk+1 ≃M ⊕ Zk ⊕ Z, (m,α0, . . . , αk) 7→ (m,α1, . . . , αk, α0 + · · ·+ αk),
where {e1, . . . , ek} is the standard basis for the second summand Zk.
The dual of the Cayley cone σ¯∨ can also be explicitly found.
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Proposition 1.6. Let σ¯ ⊂MR⊕Rk+1 be the Cayley cone associated to ∆0, . . . ,∆k.
Then
σ¯∨ = R≥0 · Conv
({
u−
k∑
i=0
min〈∆i, u〉r∗i | u ∈ ∆∗
}
∪ {r∗0 , . . . , r∗k}
)
,
where {r∗0 , . . . , r∗k} is the basis of Zk+1 ⊂ N ⊕ Zk+1 dual to {r0, . . . , rk}.
Proof. We have u +
∑k
i=0 αir
∗
i ∈ σ¯∨ with u ∈ NR and αi ∈ R if and only if
〈xj + rj , u +
∑k
i=0 αir
∗
i 〉 ≥ 0 for all xj ∈ ∆j , j = 0, . . . , k. But the last inequality
is equivalent to αj ≥ −〈xj , u〉 for all xj ∈ ∆j . Hence, αj ≥ −min〈∆j , u〉. Since
0 is in the interior of ∆, min〈∆, u〉 < 0 for u 6= 0, whence u + ∑ki=0 αir∗i =
−min〈∆, u〉(u′ −∑ki=0min〈∆i, u′〉r∗i ) +∑ki=0 βir∗i , where u′ = − umin〈∆,u〉 ∈ ∆∗
and βi = αi +min〈∆i, u〉 ≥ 0. 
The following alternative view of the dual of the Cayley cone may also be useful.
Lemma 1.7. There is equality of cones
σ¯∨ =
{(
t · Conv
({
u−
k∑
i=1
min〈∆i, u〉e∗i | u ∈ ∆∗
}
∪ {e∗1, . . . , e∗k}
)
, t
)
| t ∈ R≥0
}
induced by the isomorphism
N ⊕ Zk+1 ≃ N ⊕ Zk ⊕ Z, (n, α0, . . . , αk) 7→ (n, α1, . . . , αk, α0 + · · ·+ αk),
where {e∗1, . . . , e∗k} is the standard basis for the second summand Zk.
The above descriptions of the Cayley cone σ¯, associated to a Minkowski sum
decomposition of the reflexive polytope ∆ = ∆0 +∆1 + · · · +∆k, and of the dual
cone σ¯∨ directly show that both cones are Gorenstein reflexive of index k + 1 with
the unique lattice points nσ¯ = r
∗
0+ r
∗
1+ · · ·+ r∗k and mσ¯∨ = r0+ r1+ · · ·+ rk. Next,
we want to explicitly describe the reflexive polytopes σ¯(k+1)−mσ¯∨ and σ¯∨(k+1)−nσ¯,
and their dual polytopes, arising from Proposition 1.4.
Consider the lattice M˜ :=M ⊕Zk and denote by {e1, . . . , ek} the standard basis
for the second summand Zk. Then N˜ := N ⊕ Zk is the dual to M˜ lattice and set
{e∗1, . . . , e∗k} be the dual to {e1, . . . , ek} basis in Zk. The following statements follow
trivially from Propositions 1.4 and 1.6.
Lemma 1.8. Let σ¯ ⊂MR⊕Rk+1 be the Cayley cone associated to lattice polytopes
∆0, . . . ,∆k in MR such that ∆ = ∆0 +∆1 + · · ·+∆k is reflexive. Then
σ¯(k+1) −mσ¯∨ ≃ (k + 1)Conv(∆0,∆1 + e1, . . . ,∆k + ek)−
k∑
i=1
ei
induced by the isomorphism M¯∩n⊥σ¯ ≃ M˜ , (m,α0, . . . , αk) 7→ (m,α1, . . . , αk), where
M¯ :=M ⊕ Zk+1 and nσ¯ =
∑k
i=0 r
∗
i . Also,
π
(
σ¯(1)
)
= Conv
(
∆0 −
k∑
i=1
ei,∆1 + e1, . . . ,∆k + ek
)
,
where π : M¯ → M¯/Zmσ¯∨ ≃ M˜ , (m,α0, . . . , αk) 7→ (m,α1 − α0, . . . , αk − α0).
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Lemma 1.9. Let σ¯ ⊂MR⊕Rk+1 be the Cayley cone associated to lattice polytopes
∆0, . . . ,∆k in MR such that ∆ = ∆0 +∆1 + · · ·+∆k is reflexive. Then
σ¯∨(k+1)−nσ¯ ≃ (k+1)Conv
({
u−
k∑
i=1
min〈∆i, u〉e∗i | u ∈ ∆∗
}
∪{e∗1, . . . , e∗k}
)
−
k∑
i=1
e∗i
under the isomorphism N¯ ∩ m⊥σ¯∨ ≃ N˜ , (n, α0, . . . , αk) 7→ (n, α1, . . . , αk), where
N¯ := N ⊕ Zk+1, mσ¯∨ =
∑k
i=0 ri. Also,
π
(
σ¯∨(1)
)
= Conv
({
u−
k∑
i=0
min〈∆i, u〉e∗i | u ∈ ∆∗
}
∪ {e∗0, . . . , e∗k}
)
,
where π : N¯ → N¯/Znσ¯ ≃ N˜ , (n, α0, . . . , αk) 7→ (n, α1 − α0, . . . , αk − α0), and
e∗0 := −
∑k
i=1 e
∗
i .
It is straightforward to check that the above natural isomorphisms M¯ ∩n⊥σ¯ ≃ M˜ ,
N¯/Znσ¯ ≃ N˜ and N¯ ∩ m⊥σ¯∨ ≃ N˜ , M¯/Zmσ¯∨ ≃ M˜ respect pairings. Hence, by
combining the above lemmas with Proposition 1.4 we get two pairs of reflexive
polytopes.
Proposition 1.10. Let ∆ be a reflexive polytope in MR and ∆ = ∆0 + ∆1 +
· · · + ∆k be a Minkowski sum decomposition by lattice polytopes in MR. Denote
∆̂0 = Conv(∆0,∆1+ e1, . . . ,∆k + ek), ∆̂i = ∆̂0− ei in M˜R, for i = 1, . . . , k. Then
∆̂0 + · · ·+ ∆̂k = (k + 1)∆̂0 + e0 is a reflexive polytope in M˜R =MR ⊕ Rk with the
dual reflexive polytope
(∆̂0 + · · ·+ ∆̂k)∗ = Conv
({
u−
k∑
i=0
min〈∆i, u〉e∗i | u ∈ ∆∗
}
∪ {e∗0, . . . , e∗k}
)
in N˜R = NR ⊕ Rk, where e0 = −
∑k
i=1 ei, e
∗
0 = −
∑k
i=1 e
∗
i .
Proposition 1.11. Let ∆ be a reflexive polytope in MR and ∆ = ∆0 + ∆1 +
· · · + ∆k be a Minkowski sum decomposition by lattice polytopes in MR. Denote
∇ˆ0 = Conv({u−
∑k
i=1min〈∆i, u〉e∗i | u ∈ ∆∗}∪ {e∗1, . . . , e∗k}), ∇ˆi = ∇ˆ0− e∗i in N˜R,
for i = 1, . . . , k. Then ∇ˆ0 + · · · + ∇ˆk = (k + 1)∇ˆ0 + e∗0 is a reflexive polytope in
N˜R = NR ⊕ Rk with the dual reflexive polytope
(∇ˆ0 + · · ·+ ∇ˆk)∗ = Conv(∆0 + e0,∆1 + e1, . . . ,∆k + ek)
in M˜R =MR ⊕ Rk, where e0 = −
∑k
i=1 ei, e
∗
0 = −
∑k
i=1 e
∗
i .
It turns out that one of the reflexive polytopes in the above propositions always
admits a nef-partition introduced in [Bo]. A nef-partition of a reflexive polytope ∆
is a Minkowski sum decomposition ∆ = ∆0 + · · · + ∆k by lattice polytopes such
that the origin 0 ∈ ∆i for all i. If one defines the polytopes
∇j = {y ∈ Rd | 〈x, y〉 ≥ −δij ∀x ∈ ∆i, i = 0, . . . , k}
for j = 0, . . . , k, then ∇ = ∇0 + · · · + ∇k is a reflexive polytope and ∇j are
lattice polytopes with 0 ∈ ∇j for all j. The nef-partitions ∆ = ∆0 + · · ·+∆k and
∇ = ∇0 + · · ·+∇k are called dual to each other.
For convenience, we will introduce the following notation. For any two subsets
P and Q of a real vector space we denote by P ⊎Q := Conv(P ∪Q), the convex hull
of the union of P and Q. The operation ⊎ is clearly associative and commutative.
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By Propositions 3.1 and 3.2 in [Bo], we have the following dualities.
Proposition 1.12. [Bo] Let ∆ be a reflexive polytope in MR and let ∆ = ∆0 +
· · ·+∆k be a nef-partition and ∇ = ∇0 + · · ·+∇k be the dual nef-partition in NR.
Then (∆0 ⊎ · · · ⊎∆k)∗ = ∇0 + · · ·+∇k and (∇0 ⊎ · · · ⊎ ∇k)∗ = ∆0 + · · ·+∆k.
Now, suppose ∆ = ∆0 + ∆1 + · · · + ∆k is a Minkowski sum decomposition
of a reflexive polytope by lattice polytopes in MR. By construction, we see that
∇ˆ0 + · · ·+ ∇ˆk is a nef-partition even if ∆ = ∆0 + · · · + ∆k is not a nef-partition,
since 0 ∈ ∇ˆi, for i = 0, . . . , k, and the polytopes ∇ˆi are convex hulls of lattice
points. It is not difficult to determine that the dual nef-partition is ∆˜0 + · · ·+ ∆˜k,
where ∆˜i := Conv(∆i + ei, 0). In particular, we have
Proposition 1.13. Let ∆ be a reflexive polytope in MR and ∆ = ∆0+ · · ·+∆k be
a Minkowski sum decomposition by lattice polytopes in MR. Then ∇ˆ0 + · · ·+ ∇ˆk is
a reflexive polytope in N˜R = NR ⊕ Rk. Moreover, ∇ˆ0 + · · ·+ ∇ˆk is a nef-partition
dual to ∆˜0 + · · ·+ ∆˜k and the following identities hold:
(∇ˆ0 ⊎ · · · ⊎ ∇ˆk)∗ = ∆˜0 + · · ·+ ∆˜k, (∆˜0 ⊎ · · · ⊎ ∆˜k)∗ = ∇ˆ0 + · · ·+ ∇ˆk.
One can easily find the lattice points in ∆˜0 ⊎ · · ·⊎ ∆˜k and ∇ˆ0 ⊎ · · ·⊎ ∇ˆk. Denote
by L(P ) and l(P ) the set and the number of lattice points in a polytope P in a real
vector space.
Proposition 1.14. Let ∆ be a reflexive polytope in MR and ∆ = ∆0+ · · ·+∆k be
a Minkowski sum decomposition by lattice polytopes in MR. Then
L(∆˜0 ⊎ · · · ⊎ ∆˜k) = {0} ∪
⋃k
i=0 L(∆i + ei), l(∆˜0 ⊎ · · · ⊎ ∆˜k) = 1 +
∑k
i=0 l(∆i),
L(∇ˆ0) = {n−
∑k
i=1min〈∆i, n〉e∗i | n ∈ ∆∗∩N}∪{e∗1, . . . , e∗k}, l(∇ˆ0) = l(∆∗)+k,
l(∇ˆ0 ⊎ · · · ⊎ ∇ˆk) = (k + 1)l(∆∗) + k2.
The reflexive polytope ∆˜0⊎· · ·⊎∆˜k arises from the construction of deformations
of Gorenstein Fano toric varietiesX∆∗ associated to the fan generated by the faces of
∆ = ∆0+ · · ·+∆k in [M5]. The deformations are realized by complete intersections
in a higher dimensional Fano toric variety whose fan is generated by the faces of
∆˜0 ⊎ · · · ⊎ ∆˜k. On the other hand, the reflexive polytope ∆̂0+ · · ·+∆̂k arises from
the Cayley trick: it corresponds to the dual of the canonical line bundle (or the
anticanonical degree) on the projective space bundle associated to a Calabi-Yau
complete intersection in the Fano toric variety X∆ whose fan is generated by the
faces of ∆∗. We will review these constructions in detail in Section 3.
From Lemma 1.8, we can see that the reflexive polytopes ∆˜0⊎· · ·⊎∆˜k and ∆̂0+
· · ·+∆̂k must be the same up to a linear transformation and a change of the lattice.
The same should hold for the dual reflexive polytopes. These transformations can
be explicitly described as follows.
Lemma 1.15. The homomorphism of lattices
ϕ :M ⊕ Zk →M ⊕ Zk, m+
k∑
i=1
αiei 7→ (k + 1)m+
k∑
i=1
αi((k + 1)ei + e0),
maps ∆˜0 ⊎ · · · ⊎ ∆˜k onto ∆̂0 + · · ·+ ∆̂k.
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Lemma 1.16. The homomorphism of lattices
ϕ∗ : N ⊕ Zk → N ⊕ Zk, n+
k∑
i=1
αie
∗
i 7→ (k + 1)n+
k∑
i=1
αi((k + 1)e
∗
i + e
∗
0),
maps (∆̂0 + · · ·+ ∆̂k)∗ onto (∆˜0 ⊎ · · · ⊎ ∆˜k)∗.
Finishing this section, we will look at what happens if ∆ = ∆0 + · · · + ∆k is
a nef-partition. In this case the dual nef-partition ∇ = ∇0 + · · · + ∇k satisfies
〈∆i,∇j〉 ≥ −δij for all 0 ≤ i, j ≤ k, and the dual to ∆ reflexive polytope is
∆∗ = Conv(∇0, . . . ,∇k) with ∇i ∩ ∇j = {0} for all i, j. Now if 0 6= u ∈ ∇i ∩ N ,
then −1 = min〈∆, u〉 = min〈∆0, u〉+ · · ·+min〈∆k, u〉. Since 〈∆j , u〉 ≥ 0 for j 6= i
and 〈∆i, u〉 ≥ −1, we conclude that min〈∆j , u〉 = 0 for j 6= i and min〈∆i, u〉 = −1.
Hence, by Proposition 1.6, we get
σ¯∨ = R≥0 · Conv(∇0 + r∗0 , . . . ,∇k + r∗k).
Similarly, ∇ˆ0 = Conv(∇0,∇1 + e∗1, . . . ,∇k + e∗k) = ∇̂0. Applying Proposition 1.12,
we get the following dualities for eight reflexive polytopes of dimension d + k cor-
responding to a dual pair of nef-partitions of dimension d.
Proposition 1.17. Let ∆ be a reflexive polytope in MR and let ∆ = ∆0+ · · ·+∆k
be a nef-partition and ∇ = ∇0 + · · ·+∇k be the dual nef-partition in NR. Then
(∆˜0 ⊎ · · · ⊎ ∆˜k)∗ = ∇̂0 + · · ·+ ∇̂k and (∇˜0 ⊎ · · · ⊎ ∇˜k)∗ = ∆̂0 + · · ·+ ∆̂k
are nef-partitions respectively dual to
(∇̂0 ⊎ · · · ⊎ ∇̂k)∗ = ∆˜0 + · · ·+ ∆˜k and (∆̂0 ⊎ · · · ⊎ ∆̂k)∗ = ∇˜0 + · · ·+ ∇˜k.
2. Some basics from toric geometry.
This section will review some basic facts from [C1], [C2], [F] on toric geometry.
See [D], [O] for additional references.
Let XΣ be a d-dimensional toric variety associated with a finite rational poly-
hedral fan Σ in NR. Denote by Σ(1) the finite set of the 1-dimensional cones ρ in
Σ, which correspond to the torus invariant divisors Dρ in XΣ. From the work of
David Cox (see [C1]), every toric variety can be described as a categorical quotient
of a Zariski open subset of an affine space by a subgroup of a torus. For simplic-
ity, assume that the 1-dimensional cones Σ(1) span NR. Consider the polynomial
ring S(Σ) := C[xρ | ρ ∈ Σ(1)], called the homogeneous coordinate ring of the toric
variety XΣ, and the corresponding affine space C
Σ(1) = Spec(C[xρ | ρ ∈ Σ(1)]).
Let B = 〈∏ρ6⊆σ xρ | σ ∈ Σ〉 be the ideal in S(Σ)]. This ideal determines a Zariski
closed set V(B) in CΣ(1), which is invariant under the diagonal group action of the
subgroup
G =
{
(µρ) ∈ (C∗)Σ(1) |
∏
ρ∈Σ(1)
µ〈u,vρ〉ρ = 1 ∀u ∈M
}
of the torus (C∗)Σ(1) on the affine space CΣ(1), where vρ denotes the primitive
lattice generator of the 1-dimensional cone ρ. Then by Theorem 2.1 in [C1], the
toric variety XΣ is the categorical quotient (C
Σ(1) \V(B))/G. This presentation is
important because it allows us to work with closed subvarieties of the toric variety.
In particular, a torus invariant divisor Dρ is given by the equation xρ = 0.
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The ring S(Σ) is graded by the the Chow group
Ad−1(XΣ) ≃ Hom(G,C∗),
and deg(
∏
ρ∈Σ(1) x
bρ
ρ ) = [
∑
ρ∈Σ(1) bρDρ] ∈ Ad−1(XΣ). For a torus invariant Weil
divisorD =
∑
ρ∈Σ(1) bρDρ, there is a one-to-one correspondence between the mono-
mials of C[xρ : ρ ∈ Σ(1)] in the degree [
∑
ρ∈Σ(1) bρDρ] ∈ Ad−1(XΣ) and the lattice
points inside the polytope
∆D = {m ∈MR | 〈m, vρ〉 ≥ −bρ ∀ ρ ∈ Σ(1)}
by associating to m ∈ ∆D the monomial
∏
ρ∈Σ(1) x
bρ+〈m,vρ〉
ρ = xm
∏
ρ∈Σ(1) x
bρ
ρ
where xm will denote
∏
ρ∈Σ(1) x
〈m,vρ〉
ρ . If we denote the homogeneous degree of
S(Σ) corresponding to β = [D] ∈ Ad−1(XΣ) by S(Σ)β , then by Proposition 1.1 in
[C1], we also have a natural isomorphism
H0(XΣ, OXΣ(D)) ≃ S(Σ)β .
In particular, every hypersurface in XΣ of degree β =
∑
ρ∈Σ(1) bρDρ corresponds
to a polynomial ∑
m∈∆D∩M
am
∏
ρ∈Σ(1)
xbρ+〈m,vρ〉ρ
with the coefficients am ∈ C.
Every lattice polytope ∆ in MR determines the Weil divisor
D∆ =
∑
ρ∈Σ(1)
−min〈∆, vρ〉Dρ
on XΣ. By Theorem 1.6 in [M2] we know that if D is a Cartier divisor on a compact
toric variety XΣ, then OXΣ(D) is generated by global sections iff D is numerically
effective (nef). In this case, by [F, p. 68], we get D = D∆D . Also, if for a lattice
polytope ∆ the divisorD∆ is nef, then ∆D∆ = ∆. Additionally, this correspondence
preserves sums: if D∆1 and D∆2 are nef then D∆1+∆2 = D∆1 +D∆2 . Moreover,
the following holds.
Lemma 2.1. Let XΣ be a compact toric variety associated to a fan Σ in NR.
Suppose ∆1 and ∆2 are lattice polytopes in MR then D∆1+∆2 is a nef divisor on
XΣ iff D∆1 and D∆2 are nef on XΣ.
Proof. If D∆1+∆2 is a nef divisor on XΣ then Σ is a refinement of the normal fan
of ∆1 + ∆2. But since ∆i is a Minkowski summand of ∆1 +∆2, the normal fan
of ∆1 + ∆2 is a refinement of the normal fans of ∆i, for i = 1, 2. Hence, Σ is a
refinement of the normal fans of ∆1 and ∆2. This implies that D∆1 and D∆2 are
nef on XΣ, if D∆1+∆2 is a nef divisor on XΣ. The other direction follows from the
fact that the sum of nef divisors is nef. 
From Mori’s theory we know that nef divisors correspond to contractions and
for toric varieties this correspondence can be formulated as in Theorem 1.2 in [M3].
Theorem 2.2. Let [D] ∈ Ad−1(XΣ) be a nef divisor class on a compact toric
variety XΣ of dimension d. Then, there exists a unique compact toric variety XΣD
with a surjective toric morphism π : XΣ −→ XΣD such that π∗[Y ] = [D] for some
ample divisor Y on XΣD . Moreover, dimXΣD = dim∆D, and the fan ΣD = Σ∆D ,
the normal fan of polytope ∆D, for a torus invariant D.
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Finishing this section, we will recall an alternative way to describe projective
toric varieties using the language of Gorenstein cones. Suppose that ∆ is a lattice
polytope in MR such that its support function ψ∆ = −min〈∆, 〉 is strictly convex
with respect to the fan Σ. In this case, the divisor D∆ is ample and Σ = Σ∆ is the
normal fan of ∆. Consider the Gorenstein cone
K = {(t∆, t) | t ∈ R≥0} ⊂MR ⊕ R.
The projective toric varietyX∆ := XΣ∆ can be represented as Proj(C[K∩(M⊕Z)]).
Moreover, if β ∈ Ad−1(X∆) is the class of the ample divisor D∆ =
∑
ρ∈Σ∆(1)
bρDρ,
then there is a natural isomorphism of graded rings
C[K ∩ (M ⊕ Z)] ≃
∞⊕
i=0
S(Σ∆)iβ , (3)
sending χ(m,i) ∈ C[K ∩ (M ⊕ Z)]i to
∏
ρ∈Σ∆(1)
x
ibρ+〈m,vρ〉
ρ = xm
∏
ρ∈Σ∆(1)
x
ibρ
ρ .
This correspondence allows to translate an equation of a hypersurface given by a
polynomial in homogeneous coordinates∑
m∈∆∩M
am
∏
ρ∈Σ∆(1)
xibρ+〈m,vρ〉ρ =
∑
m∈∆∩M
amx
m
∏
ρ∈Σ∆(1)
xibρρ
into the homogeneous element
∑
m∈∆∩M amχ
(m,i) of the Gorenstein ring.
3. Cayley trick and deformations of Fano toric varieites.
To describe the Cayley trick used in mirror symmetry by [BBo1] we start with a
Gorenstein Fano toric variety X∆ := XΣ∆ , whose (normal) fan Σ∆ of the reflexive
polytope ∆ consists of the cones generated by the proper faces of the dual reflexive
polytope ∆∗ in NR. Consider a Minkowski sum decomposition ∆ = ∆0 + · · ·+∆k
by lattice polytopes. The anticanonical divisor D∆ =
∑
ρ∈Σ∆(1)
Dρ on the Fano
toric variety X∆ is ample, and, in particular, nef. Applying Lemma 2.1, we get the
nef divisors D∆0 , . . . , D∆k on X∆. Given a collection of line bundles on a variety,
the Cayley trick associates to it the projective space bundle. In our case we get the
Pk-bundle P(E∆0,...,∆k)→ X∆, where
E∆0,...,∆k = OX∆(D∆0)⊕ · · · ⊕ OX∆(D∆k).
By [O, p. 58], we know that this bundle is a toric variety with its fan in NR ⊕ Rk.
Proposition 3.1. The torus invariant anticanonical divisor on P(E∆0,...,∆k) is big
and nef and equals D
∆̂0+···+∆̂k
.
Proof. We only need to check that for the torus invariant anticanonical divisor Y
of the toric variety P(E∆0,...,∆k) there is equality of polytopes: ∆Y = ∆̂0+ · · ·+∆̂k
in MR ⊕ Rk. But this follows immediately from the fan description in [O, p. 58]
and Proposition 1.10. 
By Theorem 2.2, for the nef divisor D
∆̂0+···+∆̂k
we get the contraction
P(E∆0,...,∆k)→ X∆̂0+···+∆̂k ,
which relates the projective bundle to the Fano toric variety. In the case, when
the anticanonical divisor on P(E∆0,...,∆k) is ample (i.e., the vector bundle E∆0,...,∆k
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is ample) we get the equality P(E∆0,...,∆k) = X∆̂0+···+∆̂k . The projective bun-
dle P(E∆0,...,∆k) → X∆ can also be viewed as a contraction corresponding to the
polytope ∆ in MR ⊂MR ⊕ Rk and its nef divisor on P(E∆0,...,∆k).
The Fano toric varietiesX∆ andX∆̂0+···+∆̂k
can also be described in the language
of Gorenstein cones from [BBo1]. Let σ = {(t∆, t) | t ∈ R≥0} ⊂MR ⊕ R and
σ¯ =
{( k∑
i=0
ti∆i, t0, . . . , tk
)
| ti ∈ R≥0
}
⊂MR ⊕ Rk+1.
Then, by the correspondence at the end of Section 2 and Lemma 1.5, we haveX∆ =
Proj(C[σ ∩ (M ⊕ Z)]) and X
∆̂0+···+∆̂k
= Proj(C[σ¯ ∩ M¯ ]), where M¯ = M ⊕ Zk+1.
Inclusion of cones σ ⊂ σ¯ via
MR ⊕ R →֒MR ⊕ Rk+1, (m, r) 7→ (m, r, . . . , r),
induces an injective homomorphism C[σ ∩ (M ⊕ Z)] →֒ C[σ¯ ∩ M¯ ] and a surjective
morphism Spec(C[σ¯ ∩ M¯ ])→ Spec(C[σ ∩ (M ⊕Z)]) of affine toric varieties. It also
induces a rational map Proj(C[σ¯∩M¯ ]) 99K Proj(C[σ∩ (M ⊕Z)]) of projective toric
varieties. This map coincides with the morphism P(E∆0,...,∆k) → X∆, if E∆0,...,∆k
is an ample vector bundle.
There is more story to the Cayley trick in associating a semiample hypersurface
in the projective bundle to the nef Calabi-Yau complete intersection on X∆ given
by global sections of OX∆(D∆0), . . . ,OX∆(D∆k), but we will not need this here.
Now, let us show how the Cayley trick is related to deformations of Fano toric
varieties. Consider the Fano toric variety X∆∗ , whose fan Σ∆∗ in MR consists of
the cones generated by the proper faces of the reflexive polytope ∆ = (∆∗)∗. Take
the same Minkowski sum decomposition ∆ = ∆0 + · · ·+ ∆k as above. We have a
natural inclusion of spacesMR ⊂MR⊕Rk which induces the inclusion of polytopes
∆ ⊂ (k + 1)(∆˜0 ⊎ · · · ⊎ ∆˜k) and the map of fans over the proper faces of these
polytopes.
Theorem 3.2. [M5] Associated to the map of fan Σ∆∗ to Σ(∆˜0⊎···⊎∆˜k)∗ , the toric
morphism X∆∗ → X(∆˜0⊎···⊎∆˜k)∗ is an embedding, whose image is a complete inter-
section given by the equations∏
vρ∈∆i+ei
xρ −
∏
vρ∈∆0+e0
xρ = 0,
for i = 1, . . . , k, where xρ are the homogeneous coordinates of the toric variety
X(∆˜0⊎···⊎∆˜k)∗ corresponding to the vertices vρ of the polytope ∆˜0 ⊎ · · · ⊎ ∆˜k.
Let l(∆∗) denotes the number of lattice points in the reflexive polytope ∆∗.
By [M5], we have (kl(∆∗)− k)-parameter embedded deformation family of X∆∗ in
X(∆˜0⊎···⊎∆˜k)∗ given by the equations:(
xe
∗
i − 1 +
∑
n∈(∆∗∩N)\{0}
λi,nx
n−
∑
k
j=1
min〈∆j,n〉e
∗
j
) ∏
vρ∈∆0+e0
xρ = 0
for i = 1, . . . , k.
The embedding X∆∗ →֒ X(∆˜0⊎···⊎∆˜k)∗ can also be described in the language of
Gorenstein cones. Let σ and σ¯ be the same cones as above. Associated to the
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inclusion of cones σ ⊂ σ¯, there is a projection σ¯∨ → σ∨ induced by
N¯ := N ⊕ Zk+1 → N ⊕ Z, (n, α0, . . . , αk) 7→ (n, α0 + · · ·+ αk)
and the corresponding ring homomorphism
C[σ¯∨ ∩ N¯ ] −→ C[σ∨ ∩ (N ⊕ Z)],
which is surjective by Lemma 2.2 in [M5]. Hence, we get the embedding
Spec(C[σ∨ ∩ (N ⊕ Z)]) →֒ Spec(C[σ¯∨ ∩ N¯ ])
of affine toric varieties. By (3) and Lemma 1.7, if β = deg(
∏
vρ∈∆0+e0
xρ) = [D∇ˆ0 ],
then
C[σ¯∨ ∩ N¯ ] ≃
∞⊕
i=0
S(Σ∇ˆ0)iβ , χ
u+
∑
k
j=0
αjr
∗
j 7→ xu+
∑
k
j=1
αje
∗
j
∏
vρ∈∆0+e0
xα0+···+αkρ .
Since Σ∇ˆ0 = Σ(∆˜0⊎···⊎∆˜k)∗ by Proposition 1.13, we also get the embedding of
projective toric varieties
X∆∗ = Proj(C[σ
∨ ∩ (N ⊕ Z)]) →֒ X(∆˜0⊎···⊎∆˜k)∗ = Proj(C[σ¯∨ ∩ N¯ ]),
where the image is a complete intersection given by χr
∗
i − χr∗0 , for i = 1, . . . , k.
Then deformations of the Fano toric variety X∆∗ are Proj(C[σ¯
∨ ∩ N¯ ]/I), where
the ideal I ⊂ C[σ¯∨ ∩ N¯ ] is generated by
χr
∗
i − χr∗0 +
∑
n∈(∆∗∩N)\{0}
λi,nχ
n−
∑
k
j=0
min〈∆j,n〉r
∗
j ,
for i = 1, . . . , k, where {r∗0 , . . . , r∗k} is the basis of Zk+1 ⊂ N ⊕ Zk+1.
The ambient toric variety X(∆˜0⊎···⊎∆˜k)∗ = Proj(C[σ¯
∨ ∩ N¯ ]) of the deformation
of X∆∗ is related to the Fano toric variety X∆̂0+···+∆̂k
= Proj(C[σ¯ ∩ M¯ ]) from
the Cayley trick by the duality of the Gorenstein cones. Note that the reflexive
polytopes associated to these toric varieties are not dual to each other, but a precise
relation between them is described in Lemmas 1.15 and 1.16.
We will conclude this section by considering the case when ∆ = ∆0+ · · ·+∆k is
a nef-partition inMR and ∇ = ∇0+ · · ·+∇k is the dual nef-partition in NR. In this
case, by Proposition 1.17, we get X(∆˜0⊎···⊎∆˜k)∗ = X∇̂0+···+∇̂k
and X(∇˜0⊎···⊎∇˜k)∗ =
X
∆̂0+···+∆̂k
. The fan of the projective space bundle P(E∇0,...,∇k) is a refinement of
the normal fan of ∇̂0 + · · ·+ ∇̂k, which is obtained by a subdivision of the faces of
the reflexive polytope ∆˜0 ⊎ · · · ⊎ ∆˜k = (∇̂0 + · · · + ∇̂k)∗. Intersection of this fan
with the linear subspace MR ⊂ M˜R⊕Rk gives a subdivision Σ′∆∗ of the normal fan
Σ∆∗ of the polytope ∆
∗.
By the the embeddings of toric varieties from [M5, Section 7] we have a commu-
tative diagram:
XΣ′
∆∗
→֒ P(E∇0,...,∇k) → X∇
↓ ↓
X∆∗ →֒ X(∆˜0⊎···⊎∆˜k)∗ = X∇̂0+···+∇̂k
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Similarly, if Σ′∇∗ is obtained by intersecting the fan of P(E∆0,...,∆k) with the sub-
space NR ⊂ N˜R ⊕ Rk, then
XΣ′
∇∗
→֒ P(E∆0,...,∆k) → X∆
↓ ↓
X∇∗ →֒ X(∇˜0⊎···⊎∇˜k)∗ = X∆̂0+···+∆̂k .
4. Deformations of Calabi-Yau hypersurfaces in Fano toric varieties.
In this section we show that deformations of Fano toric varieties induce defor-
mations of Calabi-Yau hypersurfaces. The embedding of the ambient Fano toric
variety realizes a Calabi-Yau hypersurface as a Calabi-Yau complete intersection
in a higher dimensional Fano toric variety. The deformations of the resulting com-
plete intersections are “polynomial”, corresponding to changing the coefficients at
the monomials. As before, we assume for the rest that ∆ is a reflexive polytope and
∆ = ∆0+∆1+ · · ·+∆k is a Minkowski sum decomposition by lattice polytopes in
MR.
Theorem 4.1. Let Y∆∗ ⊂ X∆∗ = Proj(C[σ∨ ∩ (N ⊕ Z)]) be an ample Calabi-Yau
hypersurface given by the equation∑
n∈∆∗∩N
anχ
(n,1) = 0,
where an ∈ C. Then the image of Y∆∗ by the embedding X∆∗ →֒ X(∆˜0⊎···⊎∆˜k)∗ =
Proj(C[σ¯∨ ∩ N¯ ]) is a nef Calabi-Yau complete intersection given by the equations
a0χ
r∗0 +
∑
n∈(∆∗∩N)\{0}
anχ
n−
∑
k
j=0
min〈∆j,n〉r
∗
j = 0, χr
∗
i − χr∗0 = 0, i = 1, . . . , k.
Proof. We need to show that the kernel of the surjective Z-graded ring homomor-
phism
C[σ¯∨ ∩ N¯ ] −→ C[σ∨ ∩ (N ⊕ Z)]/(f),
where f =
∑
n∈∆∗∩N anχ
(n,1), is generated by
f¯ = a0χ
r∗0 +
∑
n∈(∆∗∩N)\{0}
anχ
n−
∑
k
j=0
min〈∆j,n〉r
∗
j
and χr
∗
i − χr∗0 , for i = 1, . . . , k. By [A, pp. 162-163] or Lemma 2.2 in [M5], we
already know that the kernel of the surjective ring homomorphism
C[σ¯∨ ∩ N¯ ] −→ C[σ∨ ∩ (N ⊕ Z)]
is an ideal generated by the regular sequence χr
∗
i −χr∗0 , for i = 1, . . . , k. Therefore, it
suffices to show that any preimage of f by this homorphism is in the ideal generated
by f¯ and χr
∗
i − χr∗0 , for i = 1, . . . , k.
For n ∈ (∆∗∩N)\{0}, the preimage of χ(n,1) by the ring homomorphism induced
by N ⊕Zk+1 → N ⊕Z, (n, α0, . . . , αk) 7→ (n, α0+ · · ·+αk), is a linear combination
of χn+
∑
k
i=0
αjr
∗
j with
∑k
j=0 αj = 1 and n+
∑k
j=0 αjr
∗
j ∈ σ¯∨. But the last condition
means min〈n+∑kj=0 αjr∗j ,∆l + rl〉 ≥ 0, whence αl ≥ −min〈n,∆l〉 for all l. Since
1 =
k∑
j=0
αj ≥ −
k∑
j=0
min〈n,∆j〉 = −min〈n,
k∑
j=0
∆j〉 = −min〈n,∆〉 = 1,
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we get αj = −min〈n,∆j〉. It is also clear that a preimage of χ(0,1) coincides with
χr
∗
0 modulo χr
∗
i − χr∗0 , for i = 1, . . . , k. 
Translating the above statement by the correspondence (3) into homogeneous
coordinates we get:
Theorem 4.2. Let Y∆∗ ⊂ X∆∗ be a Calabi-Yau hypersurface given by the equation∑
n∈∆∗∩N
anx
n
∏
ρ∈Σ∆∗ (1)
xρ = 0,
where an ∈ C. Then the image of Y∆∗ under the embedding X∆∗ →֒ X(∆˜0⊎···⊎∆˜k)∗
is a nef Calabi-Yau complete intersection given by the equations∑
n∈∆∗∩N
anx
n−
∑
k
j=1
min〈∆j ,n〉e
∗
j
∏
vρ∈∆0+e0
xρ = 0,
∏
vρ∈∆i+ei
xρ −
∏
vρ∈∆0+e0
xρ = 0,
for i = 1, . . . , k.
The ample Calabi-Yau hypersuface Y∆∗ ⊂ X∆∗ deforms to a generic nef Calabi-
Yau complete intersection Y∇ˆ0,...,∇ˆk in the Fano toric variety X(∆˜0⊎···⊎∆˜k)∗ =
X∇ˆ0+···+∇ˆk corresponding to the nef-partition ∇ˆ0 + · · ·+ ∇ˆk:(
k∑
j=1
ai,jx
e∗j−δie
∗
i +
∑
n∈∆∗∩N
ai,nx
n−δie
∗
i−
∑
k
j=1
min〈∆j,n〉e
∗
j
) ∏
vρ∈∆i+ei
xρ = 0
for i = 0, . . . , k, where ai,j , ai,n ∈ C are the coefficients, and δi = 1, if i 6= 0,
δ0 = 0. (Note that the lattice points corresponding to the monomials are precisely
the lattice points of the polytope ∇ˆi in Proposition 1.14.)
5. Degenerations and mirror contractions of Calabi-Yau complete
intersections.
In the previous section, we obtained a deformation of an ample Calabi-Yau hy-
persurface Y∆∗ ⊂ X∆∗ in a Fano toric variety to a generic Calabi-Yau complete
intersection in the Fano toric variety X∇ˆ0+···+∇ˆk . Equivalently, we have a degen-
eration of a generic Calabi-Yau complete intersection in X∇ˆ0+···+∇ˆk to a generic
Calabi-Yau hypersurface Y∆∗ ⊂ X∆∗ . Let Σ′∇ˆ0+···+∇ˆk be a maximal projective sub-
division of the normal fan of the reflexive polytope ∇ˆ0 + · · ·+ ∇ˆk, and let Σ′∆∗ be
the fan obtained by intersecting the cones of Σ′
∇ˆ0+···+∇ˆk
with the linear subspace
MR ⊂ M˜R ⊕ Rk. Then we have a commutative diagram:
Y ′∆∗ ⊂ XΣ′∆∗ →֒ XΣ′∇ˆ0+···+∇ˆk↓ ↓ ↓
Y∆∗ ⊂ X∆∗ →֒ X∇ˆ0+···+∇ˆk ,
where Y ′∆∗ is a crepant partial resolution of the ample Calabi-Yau hypersurface
Y∆∗ . The hypersurface Y
′
∆∗ deforms to a Calabi-Yau complete intersection in
XΣ′
∇ˆ0+···+∇ˆk
. Correspondingly, a generic Calabi-Yau complete intersection Y ′
∇ˆ0,...,∇ˆk
in XΣ′
∇ˆ0+···+∇ˆk
degenerates to a generic Calabi-Yau hypersurface Y ′∆∗ in XΣ′∆∗ .
Now, if Σ′′∆∗ is a maximal projective subdivision of the normal fan of the reflexive
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polytope ∆∗, which refines the fan Σ′∆∗ , then we obtain a geometric transition from
a minimal Calabi-Yau hypersurface to a minimal Calabi-Yau complete intersection:
Y ′
∇ˆ0,...,∇ˆk
 Y ′∆∗ ← Y ′′∆∗ , (4)
where Y ′′∆∗ is a maximal projective crepant partial resolution of the ample Calabi-
Yau hypersurface Y∆∗ ⊂ X∆∗ .
By Morrison’s conjecture in [Mo], every geometric transition between Calabi-Yau
manifolds should correspond to a mirror geometric transition between the mirror
partners of the original Calabi-Yau manifolds with the roles of degeneration and
contraction reversed. By the Batyrev-Borisov mirror symmetry construction in
[B2] and [BBo1] we know that the mirror of the Calabi-Yau hypersurface Y ′′∆∗ is
a nondegenerate Calabi-Yau hypersurface in a maximal projective crepant partial
resolution of the Fano toric variety X∆ and the mirror of the Calabi-Yau complete
intersection Y ′
∇ˆ0,...,∇ˆk
is a nondegenerate Calabi-Yau complete intersection in a
maximal projective crepant partial resolution of the Fano toric variety X∆˜0+···+∆˜k ,
corresponding to the nef-partition ∆˜0 + · · · + ∆˜k dual to ∇ˆ0 + · · · + ∇ˆk. We will
explicitly construct a natural geometric transition between the mirror Calabi-Yau
varieties, which we expect to be the mirror of (4).
By Proposition 1.13, the dual of the reflexive polytope ∆˜0+· · ·+∆˜k is the convex
hull ∇ˆ0⊎· · ·⊎∇ˆk. By the construction, the image of ∇ˆ0⊎· · ·⊎∇ˆk under the natural
projection N˜R = NR ⊕ Rk → NR is the reflexive polytope ∆∗. It is not difficult to
see that a subdivision of the normal fan of ∆ lifts to a subdivision Σ′
∆˜0+···+∆˜k
of
the normal fan of ∆˜0 + · · · + ∆˜k. Without loss of generality, we can assume that
Σ′
∆˜0+···+∆˜k
is a maximal projective subdivision of the normal fan of ∆˜0 + · · ·+ ∆˜k
which maps to a maximal projective subdivision Σ′∆ of the normal fan of ∆ under
the projection N˜R → NR. Hence, we get a toric morphismXΣ′
∆˜0+···+∆˜k
→ XΣ′
∆
. The
next result explicitly finds the image under this morphism of a generic Calabi-Yau
complete intersection Y ′
∆˜0,...,∆˜k
in XΣ′
∆˜0+···+∆˜k
corresponding to the nef-partition
∆˜0 + · · ·+ ∆˜k.
Theorem 5.1. Let Y ′
∆˜0,...,∆˜k
⊂ XΣ′
∆˜0+···+∆˜k
be a Calabi-Yau complete intersection
given by the equations(
1−
∑
m∈∆i∩M
amx
m+ei
) ∏
vρ∈∇ˆi
xρ = 0, i = 0, . . . , k.
where am ∈ C. Then the image of Y ′∆˜0,...,∆˜k under the contraction XΣ′∆˜0+···+∆˜k →
XΣ′
∆
is a nef Calabi-Yau hypersurface given by the equation(
1−
k∏
i=0
( ∑
m∈∆i∩M
amx
m
)) ∏
vρ∈∆∗
xρ = 0. (5)
Proof. Note that the intersection of the Calabi-Yau complete intersection Y ′
∆˜0,...,∆˜k
with the dense affine torus T = Spec(C[M ⊕ Zk]) is a complete intersection given
by the equations 1 −∑m∈∆i∩M amχm+ei = 0, for i = 0, . . . , k. We can find the
image of Y ′
∆˜0,...,∆˜k
as the closure of the image of the affine complete intersection
by the projection of tori Spec(C[M ⊕ Zk])→ Spec(C[M ]) induced by the injective
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lattice homomorphism M ⊂ M ⊕ Zk. By eliminating χei , for i = 1, . . . , k, and
χe0 =
∏k
i=1 χ
−ei from the above equations we get the equation
1−
k∏
i=0
( ∑
m∈∆i∩M
amχ
m
)
= 0
of the image in the affine torus Spec(C[M ]). The Zariski closure of this affine hyper-
surface is the nef Calabi-Yau hypersurface given by the equation (5) in homogeneous
coordinates of XΣ′
∆
. 
Denote by Y ′∆ the nef Calabi-Yau hypersurface in XΣ′∆ given by the equation
(5). Notice that such a hypersurface is not generic. The geometric transition from
a generic Calabi-Yau complete intersection Y ′
∆˜0,...,∆˜k
⊂ XΣ′
∆˜0+···+∆˜k
is completed
by a smoothing of Y ′∆ to a nondegenerate Calabi-Yau hypersurface Y
′′
∆ in XΣ′∆ :
Y ′′∆  Y
′
∆ ← Y ′∆˜0,...,∆˜k , (6)
As in [Mo], we expect that the natural geometric transitions (4) and (6) are
mirror to each other, which can be explained by a natural mirror map between the
complex and Ka¨hler moduli spaces. In particular, the degeneration Y ′
∇ˆ0,...,∇ˆk
 
Y ′∆∗ and the mirror contraction Y
′
∆˜0,...,∆˜k
→ Y ′∆ should correspond to certain parts
of the respective compactified complex and Ka¨hler moduli spaces of the mirror pair
of Calabi-Yau complete intersections Y ′
∇ˆ0,...,∇ˆk
and Y ′
∆˜0,...,∆˜k
.
6. Degenerations of the main periods and hypergeometric series.
We will support the mirror correspondence of the geometric transitions by show-
ing that the degeneration of the main periods (determining the mirror map) for
Calabi-Yau complete intersection Y ′
∇ˆ0,...,∇ˆk
and the hypersurface Y ′′∆ coincide with
the main periods of the minimal Calabi-Yau Y ′′∆∗ and Y
′
∆˜0,...,∆˜k
, respectively.
First, we recall the definition of the main period for the nondegenerate Calabi-
Yau hypersurface Y ′′∆ from [B1] (also, see [CK, Sec. 6.3.4]. Fix an integer basis
u1, . . . , ud for the lattice M . Then tj =
∏
ρ∈Σ′
∆
(1) x
〈uj ,vρ〉
ρ , for j = 1, . . . , d, are
the coordinates on the dense torus TN = Spec(C[M ]) = N ⊗Z C∗ ⊂ XΣ′
∆
. Let
f∆ = 1−
∑
m∈∂∆∩M bmt
m be the Laurent polynomial determining the hypersurface
Y ′′∆ ∩ TN , and let γ ⊂ TN be the cycle defined by |t1| = · · · = |td| = 1, then the
main period for Y ′′∆ equals the Euler integral
ΦY ′′
∆
(β) =
1
(2π
√−1)d
∫
γ
1
f∆
dt1
t1
∧ · · · ∧ dtd
td
,
where β = (bm) ∈ Cl(∆)−1. The function ΦY ′′
∆
(β) is called hypergeometric since it
satisfies the GKZ hypergeometric system of differential equations (see [B1, Theorem
14.2]). It can be found as a power series expansion in the variables bm:
ΦY ′′
∆
(β) =
∑
l∈L∆
(
∑
m∈∂∆∩M
lm)!
∏
m∈∂∆∩M
blmm
lm!
,
where L∆ = {(lm)m∈∂∆∩M |
∑
m∈∂∆∩M lmm = 0, lm ∈ Z≥0 ∀m}. It can also
be written in terms of the local coordinates on the complex moduli of Y ′′∆ at a
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maximally unipotent boundary point (see [BvS, CK]). As Y ′′∆ degenerates to Y
′
∆
the hypergeometric function ΦY ′′
∆
(β) will degenerate to the Euler integral
ΦY ′
∆
(α) =
1
(2π
√−1)d
∫
γ
1
g∆
dt1
t1
∧ · · · ∧ dtd
td
,
where g∆ = 1−
∏k
i=0(
∑
m∈∆i∩M
amt
m) determines the hypersurface Y ′∆∩TN , and
α = (am) ∈ Cl(∆0) × · · · × Cl(∆k). Similar to [B1, Ex. 14.5], substituting
1
g∆
=
∞∑
j=0
k∏
i=0
( ∑
m∈∆i∩M
amt
m
)j
into the above integral and applying the Cauchy residue theorem gives
ΦY ′
∆
(α) =
∑
l∈L∆˜0,...,∆˜k
k∏
i=0
(
∑
m∈∆i∩M
lm)!
∏
m∈∆i∩M
almm
lm!
, (7)
where
L∆˜0,...,∆˜k =
{
(lm) |
k∑
i=0
∑
m∈∆i∩M
lmm = 0,
∑
m∈∆i∩M
lm =
∑
m∈∆0∩M
lm ∀ i
}
is a subsemigroup of Z
l(∆0)
≥0 ⊕ · · · ⊕ Zl(∆k)≥0 . But (7) is precisely the hypergeomet-
ric series in [BvS, Def. 6.1.1, Pr. 6.1.4] for the Calabi-Yau complete intersection
Y ′
∆˜0,...,∆˜k
given by the Euler integral
ΦY ′
∆˜0,...,∆˜k
(α) =
1
(2π
√−1)d+k
∫
γ˜
1
f∆˜0 · · · f∆˜k
dt1
t1
∧ · · · ∧ dtd+k
td+k
,
where t1, . . . , td, td+1, . . . , td+k are the coordinates on the torus TN˜ = Spec(C[M˜ ])
corresponding to the lattice basis {u1, . . . , ud, e1, . . . , ek} of M˜ =M ⊕Zk, the cycle
γ˜ is given by |tj | = 1 for j = 1, . . . , d+ k, and
f∆˜0 = 1−
∑
m∈∆0∩M
amt
m
k∏
i=1
t−1d+i, f∆˜i = 1−
∑
m∈∆i∩M
amt
mtd+i, i = 1, . . . , k,
determine the affine complete intersection Y ′
∆˜0,...,∆˜k
∩ TN˜ . The series ΦY ′′∆ (β) and
ΦY ′
∆
(α) are invariant under the natural torus action TN on the space of Laurent
polynomials in the variables tj and can be expressed in the local coordinates on the
complex moduli of Y ′′∆ as in [CK, Sec. 6.3.4] Therefore, the main period ΦY ′′∆ (β) of a
minimal Calabi-Yau hypersurface Y ′′∆ degenerates to the main period ΦY ′
∆˜0,...,∆˜k
(α)
of a minimal Calabi-Yau complete intersection Y ′
∆˜0,...,∆˜k
as Y ′′∆  Y
′
∆. The main
period ΦY ′
∆˜0,...,∆˜k
(α) determines the mirror map between the complex moduli of
Y ′
∆˜0,...,∆˜k
and the Ka¨hler moduli of the mirror partner Y ′
∇ˆ0,...,∇ˆk
, which allows
to compute the instanton numbers of rational curves in the latest Calabi-Yau as
explained in [CK].
DEGENERATIONS AND MIRROR CONTRACTIONS 19
Similarly to the above, let us consider the main period for the Calabi-Yau com-
plete intersection Y ′
∇ˆ0,...,∇ˆk
:
Φ
∇ˆ0,...,∇ˆk
(α) =
1
(2π
√−1)d+k
∫
γ˜
k∏
i=0
ai,i
f∇ˆi
dt1
t1
∧ · · · ∧ dtd+k
td+k
,
where the coordinates on the torus TM˜ = Spec(C[N˜ ]) corresponding to the dual
basis {u∗1, . . . , u∗d, e∗1, . . . , e∗k} of N˜ are denoted by t1, . . . , td+k again (abusing nota-
tion), and
f∇ˆi = t
−1
d+i
(
ai,0 +
k∑
j=1
ai,jtd+j +
∑
n∈∂∆∗∩N
ai,nt
n
k∏
j=1
t
−min〈∆j ,n〉
d+j
)
, i = 0, . . . , k,
(with td+i = 1 if i = 0) determine the affine complete intersection Y
′
∇ˆ0,...,∇ˆk
∩ TM˜ ,
and α = (a∗,∗) ∈ C(k+1)(l(∆∗)+k). Rewriting ai,i/f∇ˆi as a series
∞∑
s=0
(∑
j 6=i
ai,j
−ai,i t
−1
d+itd+j +
∑
n∈∂∆∗∩N
ai,n
−ai,i t
−1
d+it
n
k∏
j=1
t
−min〈∆j,n〉
d+j
)s
(here j 6= i means j ∈ {0, . . . , k} \ {i}) and applying the Cauchy residue formula
similar to [B1, Ex. 14.5] gives
Φ
∇ˆ0,...,∇ˆk
(α) =
∑
l∈L
∇ˆ0,...,∇ˆk
k∏
i=0
li!
(−ai,i)li
∏
j 6=i
a
li,j
i,j
li,j!
∏
n∈∂∆∗∩N
a
li,n
i,n
li,n!
,
where li =
∑
j 6=i li,j +
∑
n∈∂∆∗ li,n, and L∇ˆ0,...,∇ˆk consists of vectors (l∗,∗) ∈
Z
(k+1)(l(∆∗)+k−1)
≥0 such that
k∑
i=0
(∑
j 6=i
li,j(δje
∗
j − δie∗i ) +
∑
n∈∂∆∗
li,n
(
n− δie∗i −
k∑
j=1
min〈∆j , n〉e∗j
))
= 0,
where δj = 1 if j 6= 0 and δ0 = 0. From Theorem 4.2, degeneration Y ′∇ˆ0,...,∇ˆk  
Y ′∆∗ corresponds to setting a0,0 = a0, a0,j = 0, a0,n = an, ai,i = 1, ai,0 = −1
ai,i = 1, ai,0 = −1, ai,j = 0, ai,n = 0 for 1 ≤ i, j ≤ k, i 6= j, and n ∈ ∂∆∗ ∩ N .
Coefficients a∗,∗ = 0 force the vanishing of the terms in the series Φ
∇ˆ0,...,∇ˆk
(α)
unless the corresponding l∗,∗ equals zero. Hence, the nonvanishing terms in the
series correspond to l0 =
∑
n∈∂∆∗∩N l0,n, li = li,0, for i = 1, . . . , k, and∑
n∈∂∆∗∩N
l0,n
(
n−
k∑
j=1
min〈∆j , n〉e∗j
)
+
k∑
i=1
li,0(−e∗i ) = 0,
and the series Φ
∇ˆ0,...,∇ˆk
(α) degenerates to
∑
l
(
k∏
i=1
li!
(−1)li
(−1)li,0
li,0!
)
l0!
(−a0)l0
∏
n∈∂∆∗∩N
a
l0,n
n
l0,n!
=
∑
l∈L∆∗
l0!
(−a0)l0
∏
n∈∂∆∗∩N
alnn
ln!
,
where
L∆∗ =
{
(ln)n∈∂∆∗∩N |
∑
n∈∂∆∗∩N
lnn = 0
}
⊂ Zl(∆∗)−1≥0 , l0 =
∑
n∈∂∆∗∩N
ln.
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But the last series is the hypergeometric series corresponding to the main period
of Calabi-Yau hypersurface Y ′′∆∗ at the maximally unipotent boundary point (see
[B1, CK]). Thus, we showed that the main period Φ
∇ˆ0,...,∇ˆk
(α) of a minimal Calabi-
Yau complete intersection Y ′
∇ˆ0,...,∇ˆk
degenerates to the main period ΦY ′′
∆
(α0) of a
minimal Calabi-Yau hypersurface Y ′′∆∗ as Y
′
∇ˆ0,...,∇ˆk
 Y ′∆∗ .
There is more work to be done in computing the mirror map itself from the main
periods of Calabi-Yau, but we will finish this paper by explaining the expected
relationship of the complex and Ka¨hler moduli of the Calabi-Yau varieties involved
in our geometric transitions. For definitions and notation we refer to the book [CK].
A minimal Calabi-Yau variety V has a Ka¨hler cone K(V ), a complexified Ka¨hler
space
KC(V ) = {ω ∈ H2(V,C) | Im(ω) ∈ K(V )}/imH2(V,Z),
and the complexified Ka¨hler moduli space K(V ) = KC(V )/Aut(V ). For a non-
degenerate Calabi-Yau complete intersection V in a maximal projective partial
crepant resolution XΣ of a Gorenstein Fano toric variety, one considers a toric part
of the Ka¨hler cone K(V )toric = K(V ) ∩H2toric(V ), where H2toric(V ) is the image of
the restriction map H2(XΣ)→ H2(V ), and the corresponding toric Ka¨hler moduli
space K(V )toric.
On the complex side, one also considers a part of the complex moduli space of
a Calabi-Yau complete intersection V ⊂ XΣ. Let V be the closure of the affine
complete intersection ∑
m∈∆i∩Zd
ai,mt
m = 0, i = 0, . . . , k
in (C∗)d ⊂ XΣ, where ∆ = ∆0 + · · ·+∆k is a Minkowski sum decomposition of a
reflexive polytope. Then the polynomial moduli space of the complete intersection
V can be constructed similar to [BC, Sect. 13] as a geometric quotientM(V )poly =
U/Aut(XΣ), where U is an open subset in P(L(∆1∩Zd))×· · ·×P(L(∆k∩Zd)) corre-
sponding to a subset of the set of quasismooth complete intersections (see [M1]) with
L(∆i ∩ Zd) denoting the vector space of Laurent polynomials
∑
m∈∆i∩Zd
ai,mt
m.
In practice, one replaces the toric Ka¨hler moduli space and the polynomial mod-
uli space of a Calabi-Yau intersection V with suitable compactifications realized as
toric varieties associated with a secondary fan (see [CK]). We will denote them by
K(V )toric and M(V )poly, respectively.
The geometric transitions Y ′
∇ˆ0,...,∇ˆk
 Y ′∆∗ ← Y ′′∆∗ and Y ′′∆  Y ′∆ ← Y ′∆˜0,...,∆˜k
induce inclusions
M(Y ′′∆∗)poly ⊂M(Y ′∇ˆ0,...,∇ˆk)poly, M(Y
′
∆˜0,...,∆˜k
)poly ⊂M(Y ′′∆)poly,
corresponding to degenerations on the complex side, and inclusions
K(Y ′
∇ˆ0,...,∇ˆk
)toric ⊂ K(Y ′′∆∗)toric, K(Y ′′∆)toric ⊂ K(Y ′∆˜0,...,∆˜k)toric,
corresponding to contractions on the Ka¨hler side. These should fit into the following
commutative diagrams:
M(Y ′′∆∗)poly ⊂ M(Y ′∇ˆ0,...,∇ˆk)poly M(Y
′
∆˜0,...,∆˜k
)poly ⊂ M(Y ′′∆)poly
↓ ↓ ↓ ↓
K(Y ′′∆)toric ⊂ K(Y ′∆˜0,...,∆˜k)toric, K(Y
′
∇ˆ0,...,∇ˆk
)toric ⊂ K(Y ′′∆∗)toric,
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where the vertical arrows are the mirror morphisms between the complex and
Ka¨hler moduli spaces. Moreover, the degenerations of the main periods of Calabi-
Yau varieties (calculated above) should induce degenerations of the mirror mor-
phisms between the ambient moduli to the mirror morphisms of the enclosed mod-
uli. The inclusions of the moduli can be described explicitly in terms of the inclu-
sions of the respective secondary fans.
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